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Abstract
We investigate the position oscillation of a particle that models the center of mass quantum state of
a trapped Bose-Einstein condensate coupled to the zero-point fluctuations of the gravitational field. A
semiclassical analysis is performed that allows to calculate the mean square amplitude of the oscillation.
In analogy with the Lamb shift in quantum electrodynamics, this gives rise to an upshift of the energy of
the trapped condensates. We show that for an elongated trap, the energy shift scales quadratically with
the length as well as cubically with the total number of atoms.
1 Introduction
The unprecedented precision of atom interferometry holds out new prospects for laboratory tests of general
relativity [1]. The development of large molecule interferometry is providing an arena to challenge our
understanding of the foundations of quantum mechanics [2]. Furthermore, there has been a surge of interest
in detecting signatures of low energy quantum gravity and unified theories using quantum matter waves
[3, 4, 5].
The lowest energy quantum gravity effect is the zero-point vacuum fluctuations of spacetime. A possible
scenario is the decoherence of matter waves through coupling to a fluctuating metric [6, 7, 8, 9]. Such
efforts can however be limited by the smallness of the effect and hence high sensitivity requirement [10], the
need to suppress other environmental decoherence effects within the interferometer [2], and the ambiguity
of predictions in the absence of a consistent quantum theory of gravity [11].
One important consequence of the vacuum fluctuations of a quantum field is the energy shift of a bound
state coupled to the field. The measurement of the energy or corresponding frequency shift through spec-
troscopy or resonance techniques can generally be done more accurately than the visibility measurement for
quantum decoherence. Indeed, the resulting Lamb shift of electron energy levels in an atom provides the first
experimental evidence for EM vacuum fluctuations and agrees with predictions from the renormalization
procedures in QED.
In this paper we investigate the energy shift of quantum bound states due to spacetime fluctuations. We
have in mind a large number of trapped cold atom and but trapped molecules may also be relevant. For
such a system, the energy shift is most important for its center-of-mass wavefunction. This motivates us to
investigate the position oscillation of a particle that models the center of mass quantum state of a trapped
Bose-Einstein condensate coupled to the zero-point fluctuations of the gravitational field. A semiclassical
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analysis is performed that allows to calculate the mean square amplitude of the oscillation. In analogy
with the Lamb shift in quantum electrodynamics, this gives rise to an upshift of the energy of the trapped
condensates. We show that for an elongated trap, the energy shift scales quadratically with the length as
well as cubically with the total number of atoms.
2 Fluctuations of gravitational field
We adopt the linearized metric
gµν = ηµν + hµν (1)
about the Minkowski metric diag(−1, 1, 1, 1) with the metric perturbation hµν in the transverse-traceless
(TT) gauge:
h00 = h0i = 0 (2)
hii = 0 (3)
hji,j = 0 (4)
where i, j = 1, 2, 3.
In this gauge, for each wave vector k there are two polarisation tensors [14]
hij(k, 1) = ei(k, 1)ej(k, 1) − ei(k, 2)ej(k, 2) (5)
hij(k, 2) = ei(k, 1)ej(k, 2) + ei(k, 2)ej(k, 1) (6)
in terms of the two polarisation vectors e(k, λ) satisfying
2∑
λ=1
ei(k, λ)ej(k, λ) = δij − kikj/k
2. (7)
It follows from (7) that
3∑
i,j=1
2∑
λ=1
hij(k, λ)hij(k, λ) =
[
3∑
i=1
2∑
λ=1
ei(k, λ)ei(k, λ)
]2
= 4. (8)
We shall consider metric fluctuations at temperature T using the following directional decomposition
hij(r, t) =
2∑
λ=1
∫
d3k hij(k, λ)FT (ω) cos[k · r− ωt− θ(k, λ)] (9)
in terms of a spectral density FT (ω) and random angles θ(k, λ). This gives rise to the following correlation
relation:
〈hij(0, t)hlm(0, t
′)〉 =
1
2
2∑
λ=1
∫
d3k hij(k, λ)hlm(k, λ)FT (ω)
2 cosω(t− t′). (10)
Therefore using (8), Eq. (10) implies
〈hij(0, t)hij(0, t
′)〉 =
8π
c3
∫
∞
0
ω2FT (ω)
2 cosω(t− t′) dω (11)
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For the equal time correlation, the above becomes
〈hijhij〉 =
8π
c3
∫
∞
0
ω2FT (ω)
2 dω. (12)
The function FT (ω) can be fixed by comparing (12) with the the fluctuations of gravitational field at
temperature T satisfying [13]:
〈hijhij〉 =
32
π
G
c5
∫
∞
0
ET (ω)dω (13)
where
ET (ω) =
1
2
~ω +
~ω
e~ω/kT − 1
(14)
is the the Planck spectral density. This expression ensures that the energy density of the fluctuating
gravitational field is given by
u =
1
π2c3
∫
∞
0
ω2E(ω)dω (15)
having the same expression for the EM energy density at temperature T [15]. Comparing (12) and (13) we
see that in particular at zero temperature T = 0:
FT (ω)
2 =
2
π2
G~
c2
1
ω
. (16)
Using (16), we see that (11) becomes
〈hij(0, t)hij(0, t
′)〉 =
16
π
t2P
∫
∞
0
ω cosω(t− t′) dω (17)
and (12) becomes
〈hijhij〉 =
16
π
t2P
∫
∞
0
ω dω (18)
where
tP =
√
G~
c5
(19)
is the Planck time.
It then follows from (17) that
〈h˙ij(0, t)h˙ij(0, t
′)〉 =
16
π
t2P
∫
∞
0
ω3 cosω(t− t′) dω (20)
and
〈hij,k(0, t)hij,k(0, t
′)〉 =
16
π
t2P
c2
∫
∞
0
ω3 cosω(t− t′) dω. (21)
The above infinite integrals need to be regularized with a UV cut-off angular frequency Ω. Using the
identities ∫ t
0
∫ t
0
cosω(t′ − t′′) dt′dt′′ =
2
ω2
(1− cosωt) (22)
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and ∫ Ω
0
ω(1− cosωt) dω =
1
2
Ω2
(
1−
sinΩt
Ωt
+
1− cos Ωt
Ω2t2
)
. (23)
We see that for a large time t so that Ωt≫ 1, Eq. (23) reduces to∫ Ω
0
ω(1− cosωt) dω =
1
2
Ω2 (24)
In this limit, using (22) and (24), we further see that (20) becomes∫ t
0
∫ t
0
〈h˙ij(0, t
′)h˙ij(0, t
′′)〉dt′dt′′ =
16
π
t2PΩ
2. (25)
3 Geodesic perturbations
To investigate the Brownian motion of a particle in the fluctuating space-time we shall consider the geodesic
equation
d2xρ
dτ2
+ Γρµν
dxµ
dτ
dxν
dτ
= 0 (26)
in the weak field limit
Γρµν =
1
2
ηρλ(hλµ,ν + hλν,µ − hµν,λ) (27)
where τ is the proper time. The particle being considered is non-relativistic and so to the first order, the
proper time can approximated using the coordinate time τ = ct, and accordingly, ddτ becomes approximately
1
c
d
dt .
We then consider a perturbed path due to the metric perturbation of the form
xρ = x(0)ρ + x(1)ρ (28)
where x(0)ρ is the unperturbed path and x(1)ρ is the perturbed displacement.
We further denote the corresponding time derivatives as uρ := dx
ρ
dt = x˙
ρ u(0)ρ := x˙(0)ρ u(1)ρ := x˙(1)ρ so that
the perturbed velocity reads
uρ = u(0)ρ + u(1)ρ (29)
Substituting (28) into (26) we see that the unperturbed path simplify satisfies
x¨(0)ρ = 0 (30)
i.e.
u˙(0)ρ = 0 (31)
implying the unperturbed velocity u(0)ρ is constant.
The perturbed path then satisfies
x¨(1)ρ = −Γρµν x˙
(0)µx˙(0)ν (32)
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i.e.
x˙(1)ρ = u(1)ρ (33)
u˙(1)ρ = −Γρµνu
(0)µu(0)ν . (34)
To illustrate the effect we consider a non-relativistic particle whose unperturbed motion is along the x-axis
(x = x1) with a speed v ≪ c with u(0)µ = (c, v, 0, 0). From (2)–(4) and (27) we see that
Γ00µ = Γµ00 = 0 (35)
Γ00µ = Γ
µ
00 = 0 (36)
and
Γi0j =
1
2
hij,0. (37)
Using (35) and (36), and v ≪ c while keeping leading term proportional to v but neglect v2 terms, (33) and
(34) become the following: For ρ = 0 we have
x˙(1)0 = u(1)0 (38)
u˙(1)0 ≈ −Γ011u
(0)1u(0)1 = −Γ011v
2
≈ 0. (39)
For ρ = i = 1, 2, 3 we have
x˙(1)i = u(1)i (40)
u˙(1)i ≈ −2Γi01u
(0)0u(0)1 = −2Γi01cv
= −h1i,0 cv = −h˙1i v (41)
i.e.
x¨(1)i = −h˙1i v. (42)
3.1 Estimate of energy shift
The correlation function of h˙1i will be estimated from (20) averaged over all metric components to be
〈h˙1i(t)h˙1i(t
′)〉 =
16
9π
t2P
∫ Ω
0
ω3 cosω(t− t′) dω (43)
The approach here is analogous to the classical Brownian motion in a non-stationary configuration using the
correlation assumptions in (58) and (59). The initial position and velocity perturbations will be assumed to
be zero:
x(1)ρ(0) = 0 (44)
u(1)ρ(0) = 0. (45)
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Then (63), (25), (43) give
〈u(1)i(t)2〉 = v2
∫ t
0
∫ t
0
〈h˙1i(t
′)h˙1i(t
′′)〉dt′dt′′
=
16
9π
t2PΩ
2v2. (46)
It follows from (66) in the appendix that
d2〈x(1)i(t)2〉
dt2
= 2〈u(1)i(t)2〉 =
32
9π
v2t2PΩ
2. (47)
The solution of (47) is given by
〈x(1)i(t)2〉 =
16
π
t2PΩ
2 v2t2 =
16
9π
t2PΩ
2ℓ2 (48)
where ℓ = vt is the unperturbed travel distance of the particle during time t.
Based on (48) we now estimate the energy shift of a quantum particle of mass m trapped in a cylinder
of length L subject to a transverse harmonic potential with angular frequency ω. For a particle having a
mean free path length ℓ due to non-gravitational interactions along the axis of the cylinder, the mean square
deviation from the axis follows as
〈∆r2〉 =
16
9π
t2PΩ
2ℓ2 (49)
which induces a shift of the mean potential energy for the trap given by
〈∆V 〉 ≈
16
27π
mω2t2PΩ
2ℓ2. (50)
We further estimate that the mean free path length ℓ for the particle to be the length of the cylindrical trap
L and adopt the Compton frequency as cutoff:
Ω =
mc2
~
. (51)
This leads to the estimated energy shift given by
〈∆V 〉 ≈
16
27π
m3
m2P
ω2 L2 (52)
where
mP =
√
~c
G
(53)
is the Planck time.
4 Concluding remarks
For example, assuming if ω = 2π kHz and N is the number of trapped rubidium atoms, then the ratio of
the energy shift to the difference of transverse energy levels is
∆E
~ω
≈ 4× 10−23N3(L/m)2. (54)
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For N = 106 and L = 1 cm, the gravitational Lamb shift is vanishingly small, with ∆E/~ω ≈ 4×10−9. With
a relatively moderate improvement of atom number to N = 108 while keeping L = 1 cm, the energy shift
yields ∆E/~ω ≈ 0.5%, a potentially measurable value. The discussion presented here is readily extended
to other trap geometries. We expect that such traps will be available in the near future and the proposed
experiment could potentially lead to an observable effect of low energy quantum gravity.
Acknowledgments
The authors are grateful to the EPSRC and STFC Centre for Fundamental Physics for financial support.
Appendix: A simple Langevin equation
Consider here a non-relativistic particle with position x(t) and velocity u(t) subject to a stochastic force
f(t) having a zero mean:
〈f〉 = 0. (55)
The governing equations are:
x˙ = u (56)
u˙ = f. (57)
The force is assumed to be uncorrelated with past position and velocity so that
〈f(t)x(t′)〉
{
= 0, t > t′
6= 0, t < t′
; (58)
and
〈f(t)u(t′)〉
{
= 0, t > t′
6= 0, t < t′
. (59)
The particle’s velocity can be readily integrated to be
u(t) = u(0) +
∫ t
0
f(t′) dt′. (60)
Averaging (60) and using (55) we have
〈u(t)〉 = u(0). (61)
From (60) we see that
u(t)2 = u(0)2 + 2u(0)
∫ t
0
f(t′) dt′ +
∫ t
0
∫ t
0
f(t1)f(t2) dt1dt2. (62)
Averaging (62) and using (59) we then have
〈u(t)2〉 = u(0)2 +
∫ t
0
∫ t
0
Cf (t
′ − t′′) dt′dt′′ (63)
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in terms of the correlation function
Cf (t
′ − t′′) = 〈f(t′)f(t′′)〉. (64)
Multiplying (57) by x and using (56) we see that
d2(x2)
dt2
= 2u2 + 2xf. (65)
On taking average and using (58), this yields
d2〈x2〉
dt2
= 2〈u2〉. (66)
If Cf (t) has a narrow peak near t = 0 then (63) can be approximated by
〈u(t)2〉 = u(0)2 + C˜f (0) t (67)
in terms of the Fourier transform of Cf (t)
C˜f (ω) =
∫ +∞
−∞
Cf (t) e
−iωt dt. (68)
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